A proof that the spaces fτ and x(dτ) are distinct  by Papert, D.
MATHEMATICS 
A PROOF THAT THE SPACES F'" AND u(D") ARE DISTINCT 
BY 
D. PAPERT 
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The purpose of this note is to show that two spaces F-r: and u(D-r:), 
which are both known to be universal To-spaces, are not homeomorphic 
to each other. Here D is a dyad consisting of two isolated points, and F 
is a connected dyad consisting of two points one of which is isolated. 
If r is a set and X is a topological space, the function space x-r: may be 
identified with the product space IT"'e-r: X"' where each X"'=X. If X is 
a space, u(X) denotes the space of closed sets of X with the PoNOMAREV 
topology [3), i.e., the points of u(X) are the non-empty closed sets of X, 
and a basis for the open sets of u(X) is formed by the sets { F E u(X): 
F C_ G} for G open in X. 
It is not difficult to see that u(D-r:) and F-r: are universal T 0-spaces, 
in that any To-space which has a basis of open sets with a cardinality 
less than or equal to that of r, can be embedded in either. It follows, of 
course, if r is infinite, that u(D-r:) and F-r: can be' embedded in each other. 
A. N. KoLMOGOROV has asked whether u(D-r:) and F-r: are not homeo-
morphic (cf. [1), p. 71, [2], p. 61, footnote). We shall use a partial ordering 
which is a topological invariant, to show that they are not. 
Any To-space can be partially ordered by defining x<,y to mean that 
{x} C_ {y}. It is obvious that a homeomorphism between two To-spaces 
preserves this ordering. We shall show that u(D-r:) and F-r: are essentially 
different as partially ordered sets; it will then follow that they are not 
homeomorphic spaces. In fact, if X is any non-discrete T1-space u(X) 
and F-r: are not homeomorphic. 
We first consider the partial ordering of F-r: and of u(X). Suppose that 
the two points ofF are denoted by 0 and 1, and that the open subsets 
ofF are the sets {0,1}, {I} and cp. Then 0<,1 in the partial ordering of F. 
If~ E F1:, {~} is the set of all the elements 'fJ E F-r: for which 'f)( IX)= 0 when-
ever IX E r is such that ~(1X)=0. Thus 'f)<~ if, and only if 'f}(1X)<,~(1X) for 
every IX E -c. (It is, in fact, easy to see that the product of any set of 
To-spaces has an ordering defined in this way by the ordering of the factor 
spaces.) 
Now let X be any T1-space. IfF E u(X), {F}= {HE u(X): H :2 F}. Thus 
H <, F if, and only if, H :2 F; and u(X), as a partially ordered set, is the 
dual of the set of non-empty closed subsets of X. 
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It is clear, at this point, that x(X) and Fr cannot be homeomorphic 
as they stand. For x(X) has no maximum element, but Fr does. However, 
one might ask whether x(X) could be homeomorphic to the subspace 
G of Fr obtained by removing the function identically 1 on T. 
We shall show that x(X) and G cannot be homeomorphic, except in 
the case in which X is discrete. Let a E -r. The element ;"'of G defined by 
Ua) = 0 and ;"'({3) = 1 if (3 +a, is a maximal element of G; and it is obvious 
that every maximal element is of this form. Let M ={;"':a E -r}. The 
removal of any one element of M leaves a set with a lower bound different 
from the minimum element of G. For, if YJa is defined by YJa(a) = 1 and 
'Y)"'(/3)=0 if f3+a, then YJa<;p whenever (3+a. 
We now show that x(X) does not have this property, except in the case 
in which X is discrete. The maximal elements of x(X) are the minimal 
closed subsets of X, i.e. the one-point subsets of X. Suppose that there 
is a point x of X which is not isolated. There is no proper closed subset 
of X containing all the one-point sets different from {x }. For any closed 
set F with this property would satisfy F J X- {x}=X. Thus the removal 
of one element from the set of maximal elements of x(X) does not always 
leave a subset of x(X) bounded below by an element different from X, 
the minimum element. This shows that x(X) and Fr cannot be homeo-
morphic, unless X consists entirely of isolated points. 
It follows that x(D(}) and Fr cannot be homeomorphic, if a is any 
infinite set. If n is a positive integer, it is easy to see that x(Dn) and F2n 
are homeomorphic spaces; and these are the only homeomorphisms 
possible between spaces of the form x(X) and those of the form Fr. 
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